Abstract. We compute rationally the topological (complex) K-theory of the classifying space BG of a discrete group provided that G has a cocompact G-CW -model for its classifying space for proper G-actions. For instance word-hyperbolic groups and cocompact discrete subgroups of connected Lie groups satisfy this assumption. The answer is given in terms of the group cohomology of G and of the centralizers of finite cyclic subgroups of prime power order. We also analyze the multiplicative structure.
Introduction and statements of results
The main result of this paper is:
Theorem 0.1 (Main result). Let G be a discrete group. Denote by K Ã ðBGÞ the topological (complex) K-theory of its classifying space BG. Suppose that there is a cocompact G-CW -model for the classifying space EG for proper G-actions.
Then there is a Q-isomorphism where con p ðGÞ is the set of conjugacy classes (g) of elements g A G of order p d for some integer d f 1 and C G hgi is the centralizer of the cyclic subgroup hgi generated by g.
subgroup of a Lie group with finitely many path components, if G is a finitely generated one-relator group, if G is an arithmetic group, a mapping class group of a compact surface or the group of outer automorphisms of a finitely generated free group. For more information about EG we refer for instance to [8] and [19] . We will prove Theorem 0.1 in Section 4.
We will also investigate the multiplicative structure on K n ðBGÞ n Z Q in Section 5. If one is willing to complexify, one can show:
Theorem 0.2 (Multiplicative structure). Let G be a discrete group. Suppose that there is a cocompact G-CW -model for the classifying space EG for proper G-actions.
Then there is a C-isomorphism We discuss in Remark 5.4 why it is necessary for the multiplicative structure to consider the complexified version and the isomorphism in Theorem 0.2 is not compatible with the analogous multiplicative structure.
In Section 6 we prove Theorem 0.1 and Theorem 0.2 under weaker finiteness assumptions than stated above and discuss some examples.
If G is finite, we get the following integral computation of K Ã ðBGÞ. Throughout the paper RðGÞ will be the complex representation ring and I G be its augmentation ideal, i.e. the kernel of the ring homomorphism RðGÞ ! Z sending ½V to dim C ðV Þ. If G p L G is a p-Sylow subgroup, restriction defines a map IðGÞ ! IðG p Þ. Let I p ðGÞ be the quotient of IðGÞ by the kernel of this map. This is independent of the choice of the p-Sylow subgroup since two p-Sylow subgroups of G are conjugate. There is an obvious isomorphism from I p ðGÞ ! G im À IðGÞ ! IðG p Þ Á . We will prove in Section 3
Theorem 0.3 (K-theory of BG for finite groups G). Let G be a finite group. For a prime p denote by rðpÞ ¼ jcon p ðGÞj the number of conjugacy classes ðgÞ of elements g A G whose order jgj is p d for some integer d f 1. Then there are isomorphisms of abelian groups
I p ðGÞ n Z Zp p is compatible with the standard ring structure on the source and the ring structure on the target given by The additive version of Theorem 0.3 has already been explained in [13] , page 125. Inspecting [12] , Theorem 2.2, one can also derive the ring structure. In [15] the K-theory of BG with coe‰cients in the field F p of p elements has been determined including the multiplicative structure. The proof of Theorem 0.3 we will present here is based on the ideas of this paper. We will and need to show a stronger statement about the pro-group fI G =ðI G Þ nþ1 g in Theorem 3.5 (b).
A version of Theorem 0.1 for topological K-theory with coe‰cients in the p-adic integers has been proved by Adem [1] , [2] using the Atiyah-Segal completion theorem for the finite group G=G 0 provided that G contains a torsionfree subgroup G 0 of finite index. Our methods allow to drop this condition, to deal with K Ã ðBGÞ n Z Q directly and study systematically the multiplicative structure for K Ã ðBGÞ n Z C. They are based on the equivariant cohomological Chern character of [18] .
For integral computations of the K-theory and K-homology of classifying spaces of groups we refer to [14] .
The author wants to thank the Max Planck Institute for Mathematics in Bonn for its hospitality during his stay from April 2005 until July 2005 when this paper was written.
Borel cohomology and rationalization
Denote by GROUPOIDS the category of small groupoids. Let W-SPECTRA be the category of W-spectra, where a morphism f : E ! F is a sequence of maps f n : E n ! F n compatible with the structure maps and we work in the category of compactly generated spaces (see for instance [9] , Section 1). A contravariant GROUPOIDS-W-spectrum is a contravariant functor E : GROUPOIDS ! W-SPECTRA.
Let E be a (non-equivariant) W-spectrum. We can associate to it a contravariant GROUPOIDS-W-spectrum E Bor : GROUPOIDS ! W-SPECTRA; G 7 ! mapðBG; EÞ; ð1:1Þ
where BG is the classifying space associated to G and mapðBG; EÞ is the obvious mapping space spectrum (see for instance [9] , page 208 and Definition 3.10 on page 224). In the sequel we use the notion of an equivariant cohomology theory H Ã ? with values in R-modules of [18] , Section 1. It assigns to each (discrete) group G a G-cohomology theory H Ã G with values in the category of R-modules on the category of pairs of G-CW -complexes, where Ã runs through Z. Let H Ã ? ðÀ; E Bor Þ be the to E Bor associated equivariant cohomology theory with values in Z-modules satisfying the disjoint union axiom, which has been constructed in [18] , Example 1.8. For a given discrete group G and a G-CW -pair ðX ; AÞ and n A Z we get a natural identification Our main example for E will be the topological K-theory spectrum K, whose associated (non-equivariant) cohomology theory H Ã ðÀ; KÞ is topological K-theory K Ã .
There is a functor
Rat : W-SPECTRA ! W-SPECTRA; E 7 ! RatðEÞ ¼ E ð0Þ ;
which assigns to an W-spectrum E its rationalization E ð0Þ . The homotopy groups p k ðE ð0Þ Þ come with a canonical structure of a Q-module. There is a natural transformation 
for rðpÞ the number of conjugacy classes ðhÞ of non-trivial elements h A H of p-power order, and the target is K 0 ðBH; QÞ which turns out to be isomorphic to Q since the rational cohomology of BH agrees with the one of the one-point-space.
As mentioned before we want to use the equivariant cohomological Chern character of [18] 
Á . This requires a careful analysis of the contravariant functor
from the category FGINJ of finite groups with injective group homomorphisms as morphisms to the category Q-MOD of Q-modules. It will be carried out in Section 3 after some preliminaries in Section 2.
Some preliminaries about pro-modules
It will be crucial to handle pro-systems and pro-isomorphisms and not to pass directly to inverse limits. In this section we fix our notation for handling pro-R-modules for a commutative ring R, where ring always means associative ring with unit. For the definitions in full generality see for instance [3] , Appendix, or [6] , §2.
For simplicity, all pro-R-modules dealt with here will be indexed by the positive integers. We write fM n ; a n g or briefly fM n g for the inverse system
and also write a m n :¼ a mþ1 Á Á Á a n : G n ! G m for n > m and put a n n ¼ id G n . For the purposes here, it will su‰ce (and greatly simplify the notation) to work with ''strict'' pro-homomorphisms f f n g : fM n ; a n g ! fN n ; b n g, i.e. a collection of homomorphisms f n : M n ! N n for n f 1 such that b n f n ¼ f nÀ1 a n holds for each n f 2. Kernels and cokernels of strict homomorphisms are defined in the obvious way.
A pro-R-module fM n ; a n g will be called pro-trivial if for each m f 1, there is some n f m such that a m n ¼ 0. A strict homomorphism f : fM n ; a n g ! fN n ; b n g is a proisomorphism if and only if kerð f Þ and cokerð f Þ are both pro-trivial, or, equivalently, for each m f 1 there is some n f m such that imðb m n Þ L imð f m Þ and kerð f n Þ L kerða m n Þ. A sequence of strict homomorphisms
n ; a 00 n g will be called exact if the sequence of R-modules
n is exact for each n f 1, and it is called pro-exact if g n f n ¼ 0 holds for n f 1 and the pro-R-module fkerðg n Þ=imð f n Þg is pro-trivial.
The following results will be needed later.
n ; a 00 n g ! 0 be a pro-exact sequence of pro-R-modules. Then there is a natural exact sequence
In particular a pro-isomorphism f f n g : fM n ; a n g ! fN n ; b n g induces isomorphisms
n ; a 00 n g ! 0 is exact, the construction of the six-term sequence is standard (see for instance [24] , Proposition 7.63, page 127). Hence it remains to show for a pro-trivial pro-R-module fM n ; a n g that lim À nf1 M n and lim À nf1 1 M n vanish. This follows directly from the standard construction for these limits as the kernel and cokernel of the homomorphism
: r Lemma 2.2. Fix any commutative Noetherian ring R, and any ideal I L R. Then for any exact sequence M 0 ! M ! M 00 of finitely generated R-modules, the sequence
of pro-R-modules is pro-exact.
Proof. It su‰ces to prove this for a short exact sequence 0
0 as a submodule of M, and consider the exact sequence
By [5] , Theorem 10.11, page 107, the filtrations fðI n MÞ X M 0 g and fI n M 0 g of M 0 have ''bounded di¤erence'', i.e. there exists k > 0 with the property that
holds for all n f 1. The first term in the above exact sequence is thus pro-trivial, and so the remaining terms define a short sequence of pro-R-modules which is pro-exact. r
The K-theory of the classifying space of a finite group
Next we investigate the contravariant functor from the category FGINJ of finite groups with injective group homomorphisms as morphisms to the category Z-MOD of Z-modules
We need some input from representation theory. Recall that RðGÞ denotes the complex representation ring. Let I G be the kernel of the ring homomorphism res f1g G : RðGÞ ! Rðf1gÞ which is the same as the kernel of the augmentation ring homomorphism RðGÞ ! Z sending ½V to dim C ðV Þ. We will frequently use the so called double coset formula (see [22] , Proposition 22, Chapter 7, page 58). It says for two subgroups For an abelian group M let M ð pÞ be the localization of M at p. If Z ð pÞ is the subring of Q obtained from Z by inverting all prime numbers except p, then M ð pÞ ¼ M n Z Z ð pÞ . Recall that the functor ? n Z Z ð pÞ is exact. Proof. A subgroup H L G is called p-elementary if it is isomorphic to C Â P for a cyclic group C of order prime to p and a p-group P. Let fC i Â P i j i ¼ 1; 2; . . . ; rg be a complete system of representatives of conjugacy classes of p-elementary subgroups of G. We can assume without loss of generality P i L G p . Define for i ¼ 1; 2; . . . ; r a homomorphism of abelian groups
Since the order of C i is prime to p, we have
Hence the following diagram commutes (actually before localization) by the double coset formula:
RðGÞ ð pÞ
The middle horizontal arrow Proof. This follows from the double coset formula (3.1) since
Lemma 3.4. Let G be a finite group and let I G L RðGÞ be the augmentation ideal. Then the following sequence of RðGÞ-modules is exact:
where i is the inclusion and PðGÞ is the set of primes dividing jGj.
Proof. 
(b) For a prime p dividing jGj let imðres
We obtain a sequence of pro-isomorphisms of pro-Z-modules
(c) There is an isomorphism of pro-Z-modules
where fZg denotes the constant inverse system
Proof. (a) The existence of the integers a, b and c for which the inclusions appearing in the statement of Theorem 3.5 hold follows from results of [4] , Theorem 6.1, page 265, and [7] , Proposition 1.1, Part III, page 277.
(b) These inequalities of assertion (a) imply that the second, third and fourth map of pro-Z-isomorphism appearing in the statement of Theorem 3.5 are indeed well-defined pro-isomorphisms. The first map
is a well-defined pro-isomorphism of pro-Z-modules by Lemma 2.2 and Lemma 3.4
is pro-trivial. The latter statement follows from Lemma 2.2 applied to the exact sequence
(c) Consider the isomorphism of finitely generated free abelian groups
It becomes an isomorphism of rings if we equip the source with the multiplication ðm; xÞ Á ðn; yÞ ¼ ðmn; my þ nx þ xyÞ. In particular I n G Á ðI G l ZÞ L I n G l 0 for n f 1. This finishes the proof of Theorem 3.5. r Now we can give the proof of Theorem 0.3.
Proof. In the sequel we abbreviate imðres
Þ is a finitely generated free Z-module. We obtain from Lemma 2.1 and Theorem 3.5 an isomorphism
Now the Atiyah-Segal Completion Theorem [6] yields an isomorphism 
Next we show that the rank of the finitely generated free abelian group imðres where class C ðGÞ denotes the complex vector space of class functions on G, i.e. functions G ! C which are constant on conjugacy classes of elements (and analogous for G p ), the vertical isomorphisms are given by taking the character of a complex representation, and the lower horizontal arrow is given by restricting a function G ! C to G p .
Recall that I p ðGÞ is canonically isomorphic to imðres
One easily checks that the isomorphisms obtained from the one appearing in Theorem 3.5 (b) and (c) by applying the inverse limit and the isomorphism (3.6) are compatible with the obvious multiplicative structures.
This finishes the proof of Theorem 0.3. r
Proof of the main result
In this section we want to prove our main Theorem 0.1. We want to apply the cohomological equivariant Chern character of [18] 
unless H is a non-trivial cyclic p-group.
Let C be a non-trivial finite cyclic p-group. Then we get
where C 0 L C is the unique cyclic subgroup of index p in C.
Recall that taking the character of a rational representation of a finite group H yields an isomorphism
where R Q ðHÞ is the rational representation ring of H and class Q ðHÞ is the rational vector space of functions f : H ! Q for which f ðg 1 Þ ¼ f ðg 2 Þ holds if the cyclic subgroups generated by g 1 and g 2 are conjugate in H (see [22] , page 68 and Theorem 29, page 102).
Hence there is an idempotent y C A R Q ðCÞ n Z Q which is uniquely determined by the property that its character sends a generator of C to 1 and all other elements to 0. Denote its image under the change of coe‰cients map R Q ðCÞ n Z Q ! RðCÞ n Z Q also by y C . Let y C Á RðCÞ n Z Qp p L RðCÞ n Z Qp p be the image of the idempotent endomorphism RðCÞ n Z Qp p ! RðCÞ n Z Qp p given by multiplication with y C .
Lemma 4.9. For every non-trivial cyclic p-group C the inclusion induces a Q½autðCÞ-isomorphism
Proof. Since the map res
one gets y C Á x À x ¼ 0 by the calculation appearing in the proof of [17] , Lemma 3.4 (b) . r Lemma 4.10. For every proper G-CW -complex X and n A Z there is an isomorphism, natural in X ,
where C p ðCÞ is the set of conjugacy classes of non-trivial cyclic p-subgroups of G and W G C ¼ N G C=C G C is considered as a subgroup of autðCÞ and thus acts on y C Á RðCÞ n Z Qp p .
Proof. This follows from [18] , Theorem 5.5 (c) and Example 5.6, using (4.6), Lemma 4.7 and Lemma 4.9. r For a generator t A C let C t be the C-representation with C as underlying complex vector space such that t operates on C by multiplication with exp 2pi jCj . Let GenðCÞ be the set of generators. Notice that autðCÞ acts in an obvious way on GenðCÞ such that the autðCÞ-action is transitive and free, and acts on RðCÞ by restriction. In the sequel w V denotes for a complex representation V its character.
Lemma 4.11. Let C be a finite cyclic group. Then:
is a C½autðCÞ-isomorphism if autðCÞ acts on the target by permuting the factors. The map vðCÞ is compatible with the ring structure on the source induced by the tensor product of representations and the product ring structure on the target.
(b) There is an isomorphism of Q½autðCÞ-modules
Proof. (a) The map
is an isomorphism of rings. One easily checks that it is compatible with the autðCÞ actions. Now the assertion follows from the fact that the character of y C sends a generator of C to 1 and any other element of C to 0.
(b) Obviously Q½GenðCÞ is Q½autðCÞ-isomorphic to the regular representation Q½autðCÞ since GenðCÞ is a transitive free autðCÞ-set. It remains to show that y C Á RðCÞ n Z Q is Q½autðCÞ-isomorphic to the regular representation Q½autðCÞ. By character theory it su‰ces to show that y C Á RðCÞ n Z C is C½autðCÞ-isomorphic to the regular representation C½autðCÞ. This follows from assertion (a). r Lemma 4.12. For every proper G-CW -complex X and n A Z there is an isomorphism, natural in X ,
Proof. Fix a prime p. Let C be a cyclic subgroup of G of order p d for some integer d f 1. The obvious N G C-action on C given by conjugation induces an embedding of groups W G C ! autðCÞ. The obvious action of autðCÞ on GenðCÞ is free and transitive. Thus we obtain an isomorphism of Qp p ½W G C -modules
This induces a natural isomorphism
which comes from the adjunction ði Ã ; i ! Þ of the functor restriction i Ã and coinduction i ! for the ring homomorphism i : Qp p ! Qp p ½W G C and the obvious identification 
Proof. This follows from Lemma 1.6 and Lemma 4.12. r Lemma 4.14. Let Y 3 j be a proper G-CW -complex such thatH H p ðY ; QÞ vanishes for all p. Let f : Y ! EG be a G-map. Then Gn f : GnY ! GnEG induces for all k isomorphisms H k ðGn f ; QÞ : H k ðGnY ; QÞ !E Bor induces a ring structure on the contravariant GROUPOIDS-W-spectra on ðE Bor Þ ð0Þ . The natural transformation of equivariant cohomology theories appearing in (1.5) is compatible with the induced multiplicative structures.
In this discussion we are rather sloppy concerning the notion of a smash product. Since we are not dealing with higher structures and just want to take homotopy groups in the end, one can either use the classical approach in the sense of Adams or the more advanced new constructions such as symmetric spectra. Proof. The proof consists of a straightforward calculation which is essentially based on the following ingredients. In the sequel we use the notation of [18] .
The equivariant Chern character of [18] , Theorem 6.4, is compatible with the multiplicative structures.
In Theorem 0.3 we have analyzed for every finite group H the multiplicative structure on
Thus the Bredon cohomology group appearing in the target of the Chern character whose source is H Ã G À X ; ðK Bor Þ ð0Þ Á can be identified with Fix a prime p. The Qp p ½autðCÞ-map RðCÞ n Z Qp p ! y C Á RðCÞ n Z Qp p given by multiplication with the idempotent y C is compatible with the multiplicative structures. Using the identification of Lemma 4.9 we obtain for each cyclic p-group C a retraction compatible with the multiplicative structures:
Recall that T K À I p ðKÞ n Z Qp p Á is trivial unless K is a non-trivial cyclic p-group. Use these retractions as the maps r K in the definition of the isomorphism n of Qp p SubðG; FÞ-modules for M ¼ I p ð?Þ n Z Qp p in [18] , (5.1). Then we obtain using the identification of Lemma 4.9 an isomorphism of Qp p SubðG; FÞ-modules
which is compatible with the obvious multiplicative structure on the source and the one on the target given by the product of the multiplicative structures on the factors iðCÞ ! À y C Á RðCÞ n Z Qp p Á coming from the obvious one on y C Á RðCÞ n Z Qp p . Using the adjunction À iðCÞ Ã ; iðCÞ ! Á this isomorphism induces an Qp p -isomorphism compatible with the multiplicative structures There exists a G-CW -complex X satisfying:
(a) The G-CW -complex X is proper and finite dimensional. There is an upper bound on the orders of its isotropy groups. The set of conjugacy classes ðCÞ of finite cyclic subgroups C L G of prime power order with X C 3 j is finite.
(b) For all for k A Z we have H k ðX ; ZÞ G H k ðfg; ZÞ.
(c) For any finite cyclic subgroup of prime power order C L G and integer k the Z-module H k ðX C ; ZÞ is almost finitely generated.
(d) For any finite cyclic subgroup of prime power order C L G and integer k the Z-module H k ðC G CnX C ; ZÞ is almost finitely generated.
If X satisfies conditions (a), (b) and (c) above, then the condition (d) is satisfied if and only if for any finite cyclic subgroup of prime power order C L G and integer k the Z-module H k ðBC G C; ZÞ is almost finitely generated.
Remark 6.2 (Weakening the finiteness conditions for EG).
Notice that the conditions (a), (b), (c) and (d) in Theorem 6.1 are satisfied, if the set of conjugacy classes of finite subgroups of G is finite, there is a finite dimensional model for EG and for any finite cyclic subgroup of prime power order C L G and integer k the Z-module H k ðBC G C; ZÞ is almost finitely generated. Remark 6.3 (Virtually torsionfree groups). Suppose that G contains a torsionfree subgroup H L G of finite index. If there is a finite dimensional model for BH, then there exists a finite dimensional model for EG ( [21] ). However, if there is a finite model for BH, this does not imply that G has only finitely many conjugacy classes of subgroups or that there is a cocompact model for EG or that the centralizers C G C of finite cyclic subgroups are finitely generated ( [16] , Section 7).
Remark 6.4 (Necessity of the finiteness conditions). Some finiteness conditions such as appearing in Theorem 6.1 are necessary. For instance it is not hard to check that for
Z=p for a prime number p the conclusion of Theorem 6.1 does not hold.
Example 6.5 ðSL 3 ðZÞÞ. Consider the group G ¼ SL 3 ðZÞ. It is well-known that its rational cohomology satisfiesH H n À BSL 3 ðZÞ; Q Á ¼ 0 for all n A Z. Actually, we conclude from [23] , Corollary, page 8, that for G ¼ SL 3 ðZÞ the quotient space GnEG is contractible and compact. From the classification of finite subgroups of SL 3 ðZÞ we see that SL 3 ðZÞ contains up to conjugacy two elements of order 2, two elements of order 4 and two elements of order 3 and no further conjugacy classes of non-trivial elements of prime power order. The rational homology of all the centralizers of elements in con 2 ðGÞ and con 3 ðGÞ agree with the one of the trivial group (see [2] , Example 6.6). Hence Theorem 0.1 shows K for some integer n f 0 and that G is not torsionfree. The conjugation action of G on the normal subgroup A yields the structure of a Z½Z=p-module on A. Every non-trivial element g A G of finite order G has order p and satisfies
There is a bijection Take for instance A to be the cokernel of the inclusion of Z½Z=p-modules Z ! Z½Z=p, n 7 ! n Á P pÀ1 i¼0 t i , where Z carries the trivial Z=p-action and t A Z=p is a fixed generator. One can identify A with the extension of Z by adjoining a primitive p-th root of unity. From the long exact cohomology sequence associated to the short exact sequence of Z½Z=p-modules 0 ! Z ! Z½Z=p ! A ! 0 one concludes that H 1 ðZ=p; AÞ is a cyclic group of order p. One easily checks that A Z=p ¼ 0. Hence we obtain for the semi-direct product A z Z=p
The identification of K 0 À BðA z Z=pÞ Á n Z Q is compatible with the multiplicative structure on the target described in Example 5.5.
Remark 6.8 (Comparison with Adem's work). The results and the examples appearing in this paper are consistent with the ones by Adem [2] . Adem needs that G contains a normal torsionfree subgroup G 0 L G of finite index and uses the Atiyah-Segal Completion Theorem for the finite group G=G 0 to compute rationally the K-theory with coe‰cients in the p-adic integers Zp p . His condition that in his notation G 0 nX is compact is precisely the condition that there is a cocompact model for EG. We can drop the condition of the existence of the normal torsionfree subgroup G 0 L G of finite index with our methods.
One can get Adem's local computations from ours by replacing for a fixed prime p the cohomology H Ã ðBG; QÞ by H Ã ðBG; Qp p Þ and ignoring in the product running over all primes all the contributions coming from primes di¤erent from p. For instance Example 6.5 implies that the Q3 3 -algebra K 0 À BSLð3; ZÞ; Z3 3 Á n Z3 3 Q3 3 is given by
